We present a generalization of the cone compression and expansion results due to Krasnoselskii and Petryshyn for multivalued maps defined on a Fréchet space E. The proof relies on fixed point results in Banach spaces and viewing E as the projective limit of a sequence of Banach spaces.
Introduction
This paper presents cone compression and expansion fixed point results of KrasnoselskiiPetryshyn type for multimaps between Fréchet spaces. Two approaches have recently been presented in the literature, both of which are based on the fact that a Fréchet space can be viewed as a projective limit of a sequence of Banach spaces {E n } n∈N (here N = {1, 2,...}). Both approaches are based on constructing maps F n defined on subsets of E n whose fixed points converge to a fixed point of the original operator F. In the first approach [6, 7] , for each n ∈ N a specific map F n is discussed; whereas in the second approach [2] [3] [4] , the maps {F n } n∈N only need to satisfy a closure-type property. Both approaches have advantages and disadvantages over the other [1] . In this paper, we combine the advantages of both approaches to present a very general fixed point result.
Existence in Section 2 is based on the following result of Petryshyn [14, Theorem 3] . 2 Cone compression and expansion or (2) y ≤ x for all y ∈ Fx and x ∈ ∂Ω, and y ≥ x for all y ∈ Fx and x ∈ ∂W. Then F has a fixed point in W\Ω.
For the rest of this section, we gather some definitions and a known result which will be needed in Section 2. Let (X,d) be a metric space and Ω X the bounded subsets of X. The Kuratowski measure of noncompactness is the map α :
We say a set is countably bounded if it is countable and bounded. Now suppose that G : S → 2 X ; here 2 X denotes the family of nonempty subsets of X. Now let I be a directed set with order ≤ and let {E α } α∈I be a family of locally convex spaces. For each α ∈ I, β ∈ I for which α ≤ β, let π α,β : E β → E α be a continuous map. Then the set
is a closed subset of α∈I E α , is called the projective limit of {E α } α∈I , and is denoted by lim ← E α (or lim ← {E α ,π α,β } or the generalized intersection [9, page 439] α∈I E α ).
Fixed point theory in Fréchet spaces
Let E = (E,{| · | n } n∈N ) be a Fréchet space with the topology generated by a family of seminorms {| · | n : n ∈ N}. We assume that the family of seminorms satisfies
For r > 0 and x ∈ E, we let B(x,r) = {y ∈ E : |x − y| n ≤ r for all n ∈ N}. A subset X of E is bounded if for every n ∈ N, there exists r n > 0 such that |x| n ≤ r n for all x ∈ X. To E we associate a sequence of Banach spaces {(E n ,| · | n )} described as follows. For every n ∈ N, R. P. Agarwal and D. O'Regan 3
we consider the equivalence relation ∼ n defined by
We denote by E n = (E/∼ n ,| · | n ) the quotient space, and by (E n ,| · | n ) the completion of E n with respect to | · | n (the norm on E n induced by | · | n and its extension to E n are still denoted by | · | n ). This construction defines a continuous map μ n : E → E n . Now since (2.1) is satisfied, the seminorm | · | n induces a seminorm on E m for every m ≥ n (again this seminorm is denoted by | · | n ). Also (2.2) defines an equivalence relation on E m from which we obtain a continuous map μ n,m : E m → E n since E m /∼ n can be regarded as a subset of E n . We now assume that the following condition holds:
for each n ∈ N, there exist a Banach space E n ,| · | n and an isomorphism (between normed spaces) j n :
However if x ∈ E n , then x is not necessarily in E and in fact E n is easier to use in applications as we will see in Theorem 3.2 (even though E n is isomorphic to E n ).
For r > 0 and x ∈ E n , we let B n (x,r) = {y ∈ E n : |x − y| n ≤ r}. Finally we assume that
For each X ⊆ E and each n ∈ N, we set X n = j n μ n (X), and we let X n and ∂X n denote, respectively, the closure and the boundary of X n with respect to | · | n in E n . Also the pseudo-interior of X is defined by [6] pseudo-int(X) = x ∈ X : j n μ n (x) ∈ X n \∂X n for every n ∈ N .
(2.5)
We begin with our main result. 
upper semicontinuous map here W n denotes the closure of W n in C n .
(2.7)
Also for each n ∈ N, assume that either (here
here ∂W n denotes the boundary of W n in C n (2.8)
hold. Finally suppose the following three conditions hold:
for each n ∈ N, the map n : W n −→ 2 En , given by
for every k ∈ N and any subsequence
then there exists a γ > 0 with |x| k ≥ γ;
if there exist a w ∈ E and a sequence y n n∈N with y n ∈ W n \Ω n and y n ∈ F n y n in E n such that for every k ∈ N, there exists a subsequence
Then F has a fixed point in E.
Remark 2.3.
The definition of n in (2.10) is as follows. If y ∈ W n and y / ∈ W n+1 , then n (y) = F n (y); whereas if y ∈ W n+1 and y / ∈ W n+2 , then n (y) = F n (y) ∪ F n+1 (y), and so on.
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Proof. Fix n ∈ N. We would like to apply Theorem 1.1. To do so, we need to show that C n is a cone, (2.13)
U n and V n are open and bounded with 0 ∈ U n ⊆ U n ⊆ V n . (2.14)
First we check (2.13). To see this, let x, y ∈ μ n (C) and λ ∈ [0,1]. Then for every
and so μ n (C) is convex. Now since j n is linear, C n = j n (μ n (C)) is convex, and as a result C n is convex. Similarly it is easy to show that t x ∈ μ n (C) for every t ≥ 0, so C n is a cone. Thus (2.13) holds. Now since U is pseudo-open and 0 ∈ U, then 0 ∈ pseudo-intU, and so 0 = j n μ n (0) ∈ U n \∂U n . Of course
16) so 0 ∈ U n \∂U n , and in particular 0 ∈ U n . Next we show that U n is open. First note that U n ⊆ U n \∂U n since if y ∈ U n , then there exists x ∈ U with y = j n μ n (x) and this together with U = pseudo-intU yields j n μ n (x) ∈ U n \∂U n , that is, y ∈ U n \∂U n . In addition note that,
As a result U n is open. Clearly U n is bounded since U is bounded (note that if y ∈ U n , then there exists x ∈ U with y = j n μ n (x)). It just remains to show that U n ⊆ U n ⊆ V n in (2.14). Of course since U ⊆ U ⊆ V , we have
and since j n μ n is continuous, U n ⊆ j n μ n (U) ⊆ j n μ n (U) = U n . Also we see that μ n (U) ⊆ μ n (V ) (note that U ⊆ V ), so since j n is an isometry,
Thus (2.14) holds. Theorem 1.1 guarantees that there exist y n ∈ W n \Ω n with y n ∈ F n y n in E n . Let us look at {y n } n∈N . Note y n ∈ W 1 for each n ∈ N from (2.6). Now Theorem 1.2 (with Y = E 1 , G = 1 , and D = W 1 and note that d 1 (y n , 1 (y n )) = 0 for each n ∈ N since |x| 1 ≤ |x| n for all x ∈ E n and y n ∈ F n y n in E n ; here d 1 (x,Z) = inf y∈Z |x − y| 1 ) guarantees that there exist a subsequence N 1 of N and a z 1 ∈ W 1 with y n → z 1 in E 1 as n → ∞ in N 1 . Also y n ∈ W n \Ω n for n ∈ N together with (2.11) yields |y n | 1 ≥ γ for n ∈ N, and so |z 1 | 1 ≥ γ. Let N 1 = N 1 \{1} and look at {y n } n∈N1 . Note that y n ∈ W 2 for n ∈ N 1 from (2.6). Now Theorem 1.2 (with Y = E 2 , G = 2 and D = W 2 ) guarantees that there exists a subsequence N 2 of N 1 and a z 2 ∈ W 2 with y n → z 2 in E 2 as n → ∞ in N 2 . Note that z 2 = z 1 in E 1 since N 2 ⊆ N 1 . Also y n ∈ W n \Ω n for n ∈ N 1 together with (2.11) yields |y n | 2 ≥ γ for n ∈ N 1 , and so |z 2 | 2 ≥ γ. Let N 2 = N 2 \{2}. Proceed inductively to obtain subsequences of integers
Note that y is well defined and y ∈ lim ← E n = E. Now y n ∈ F n y n in E n for n ∈ N k and y n → y in E k as n → ∞ in N k (since y = z k in E k ) together with (2.12) implies that y ∈ F y in E.
Of course for the proof, one sees that (2.11) is only needed to guarantee that the fixed point y ∈ E satisfies |z k | k ≥ γ for k ∈ N; here y = z k in E k .
Theorem 2.4. Let E and E n be as described in the beginning of Section 2, C a closed cone in E, U and V are bounded pseudo-open subsets of E with
0 ∈ U ⊆ U ⊆ V , and F : C ∩ V → 2 E .
Suppose that (2.6) and (2.7) hold and in addition assume that either (2.8) or (2.9) is satisfied. Finally assume that (2.10) and (2.12) hold. Then F has a fixed point in E.
Of course a special case of Theorem 2.2 occurs if F n = F (i.e., F n = F| En . (1) and (2). One could replace Theorem 1.1 with the Leggett-Williams theorem (see [2] ) or with results in [5, 13] , and analogous results can be obtained in the Fréchet space setting. Also multiplicity results could be presented as in [10] .
Theorem 2.5. Let E and E n be as described in the beginning of Section 2, C a closed cone in E, U and V are bounded pseudo-open subsets of E with
Remark 2.7. The Kakutani maps in Theorem 2.2 could be replaced by maps admissible with respect to Gorniewicz (if one uses results in [8] ) or indeed the ᐁ κ c maps of Park (if one uses the results in [11] ).
Application
In this section, we apply the results in Section 2 to the integral equation
Our result, Theorem 3.2, was established in [10] . However, our goal here is to show how easily and naturally Section 2 (in particular Theorem 2.2) applies when discussing problems of the form (3.1).
Remark 3.1. One could also obtain a result for the inclusion
if one uses the ideas in the proof below with the ideas in [4] . 
and with
there exists a continuous nondecreasing function
and all u ∈ [0,∞), (3.10) ∃r > 0 with r > w(r) sup 
with U n = B n (0,r) and V n = B n (0,R). Also we let
Clearly (2.6) and (2.7) hold. A standard argument in the literature [12] guarantees that (here W n = C n ∩ V n ) F : W n −→ E n is continuous and compact. (3.19) In addition for any y ∈ W n , note that
from (3.8), and
from (3.9) , and these two inequalities yield
so (2.7) holds.
Next we show that (2.9) is satisfied (here Ω n = C n ∩ U n ). Let y ∈ ∂Ω n = ∂U n ∩ C n . Then |y| n = r and this together with (3.10) yields
for t ∈ [0,n], and so (3.11) yields for all u ∈ n y. Thus { n y : y ∈ W n } is uniformly bounded and equicontinuous on [0,n]. The Arzela-Ascoli theorem implies that n : W n → 2 En is compact, so (2.10) holds. Next we show (2.11) is satisfied with γ = Mr. Fix k ∈ N and take a subsequence A ⊆ {k, k + 1,...}. Let x ∈ C n be such that x ∈ W n \Ω n (i.e., R ≥ |x| n ≥ r) for some n ∈ A. Then min t∈ [a,b] x(t) ≥ M|x| n ≥ Mr = γ, so as a result |x| k = max t∈ [0,k] 
Finally, we show (2.12). Suppose that there exist a w ∈ C[0,∞) and a sequence {w n } n∈N with y n ∈ W n \Ω n (i.e., R ≥ |w n | n ≥ r) and w n = F n w n in C [0,n] 
